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The isometry problem is studied for unimodular quadratic forms over the 
Hasse domains of global function fields. Over the polynomial ring k[x] the 
problem reduces to classification of forms over k; but examples are provided 
showing that in general no such reduction occurs, even when the underlying 
ring is Euclidean. Connections with the structure of the ideal class group are 
given, and a complete invariant for the isometry class is found in the ternary 
isotropic case. 
The theory of id&es has provided formulas for the number of classes in the 
genera of certain quadratic forms over the Hasse domains of global fields. 
In particular, these formulas have yielded conditions under which the class 
and genus coincide, thereby reducing the global classification problem to a 
local one. But usually this coincidence does not occur; and even when the 
number of classes in the genus is known it is not generally clear how to settle 
the classification problem: Obtain a complete set of computable invariants for 
the isometry class of a lattice. 
In this paper we will focus our attention on the classification of unimodular 
lattices over the Hasse domains in algebraic function fields of characteristic 
not 2. Such fields and their Hasse domains enjoy some important immediate 
advantages over their number-theoretic counterparts: (i) the number 2 is 
always a unit, so all nontrivial spots are nondyadic; (ii) the group of roots of 
unity constitutes the set of nonzero elements of a finite field; (iii) it is an 
easy matter to construct examples of Hasse domains whose class numbers 
have prescribed factors. 
Here is a brief outline of the paper. In ,Section 1 some terminology and 
basic facts about Hasse domains are presented. In particular, it is shown that 
the ideal class group V of a Hasse domain in a rational function field is a 
finite cyclic group. In Section 2 unimodular lattices on hyperbolic planes are 
classified. In Section 3, with k a finite field, the Hasse-Minkowski theorem is 
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used to give a short proof for the fact that unimodular lattices over the 
polynomial ring k[x] extend from quadratic k-spaces (so every such lattice 
has an orthogonal basis); but examples are given showing that no such 
reduction obtains over Hasse domains in general, even when the domains are 
Euclidean subrings of rational function fields. Finally, in Section 4 it is 
shown that in the ternary isotropic case a suitably chosen element of v/g” is a 
complete invariant for the isometry class of a unimodular lattice, and a 
cancellation result is deduced as a corollary. 
Notation, terminology, and conventions will generally follow O’Meara’s 
book [IO]. Exceptions to this rule will be stated explicitly. The ideal class of a 
fractional ideal a will be denoted 6. If {a1 ,..., v,} is an orthogonal basis for a 
space or lattice X, and Q(zJ~) = 0~~ for 1 < i < II, then we will write Xr 
<a 1 ,..., a,). The symbol 1 Ip denotes the normalized valuation at the spot p. 
Except in Section 1, aN domains will be understood to have characteristic not 2. 
1. FOUNDATIONS 
By a function jield F we mean an algebraic function field in one variable 
over a finite field; that is, F is a finite extension of k(x) for some finite field k 
and some x E F transcendental over k. The letter J’J denotes the set of non- 
trivial prime spots on F (or, occasionally, the associated set of prime divisors). 
By [lo, 31 : 91 we can assume that the extension F/k(x) is separable. We assert 
that we can also assume that k is algebraically closed in F. For if A is the 
algebraic closure of k in F, then A consists precisely of the roots of unity in 
fi equivalently, A = u(Q), the finite group of absolute units (see [lo, Sec- 
tion 33 a). Thus A is a finite field, as asserted. We therefore adopt the follow- 
ing convention. We will say that F is a functionJield over k (and that k is the 
constant field of F) if k is the unique finite subfield of F that is algebraically 
closed in F, and F/k(x) is a finite separable extension for some x E F trans- 
cendental over k. From the above remarks we have K’ = u(a). 
A Hasse set of primes on the function field F over k is a subset S c Sz 
such that #(L? - S) is finite; the Hasse domain o(S) is the corresponding 
Dedekmd domain: o(S) = npEs o(p), where o(p) is the valuation ring of F 
defined by p. Rosen ([12], Proposition 7) shows that one can choose x E F so 
that o(S) is the integral closure of k[x] in F, so the Hasse domains of function 
fields are the direct analogues of the rings of algebraic integers of number 
fields, with k[x] replacing Z. Here, with our assumption that k is finite, the 
argument can be given as follows: Use the Very Strong Approximation 
Theorem to pick x o F such that 
I 
IXIP G 1 vpcs 
lxl,>l VpEO-s. 
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Then S fully divides the set of “finite” primes on k[x], so u(S) is the integral 
closure of k[x] by 23 : 2 of [lo]. 
If p E 9 then the residue class field F(p) is a finite extension of k, and we 
put deg p = [F(p): k]. More generally, the degree of the divisor npsn p”~ 
is CpEn vp(deg P>. 
The problem of classifying quadratic forms over a Hasse domain o(S) is 
strongly affected by the structure of the associated ideal class group V(S) == 
I(S)/P(S). For the purpose of constructing examples it will be useful to have at 
hand Hasse domains whose class numbers hF(S) = (I(S): P(S)) have suitable 
factors. The following result will be useful in this connection. 
THEOREM 1.1. Let S be a Hasse set on the function field F over k. Let 
Sz - S = {p, ,..., p,>, and let d = gcd(deg p1 ,..., deg ps). Then d 1 hF(S). 
If F is a rational function field over k then the ideal class group V(S) is a 
cyclic group of order d; if pO ES satisfies deg p,, = 1 then the ideal class &, 
generates %7(S). 
Proof. Define a homomorphism $: I(S) -+ Z/(d) by 
n VP 8~ C v,(deg P> + (4. 
PES PCS 
From the Product Formula we get the inclusion P(S) & ker 4, so to complete 
the proof of the first assertion it is enough to show that # is surjective. The 
field F has a divisor rjposa p Ed of degree 1 (see Deuring [2], p. 148). Hence 
(4 Cpes p E (deg p)) = 1, and so $(npeS p’p) generates Z/(d), finishing 
the argument. 
Now assume that F is a rational function field, say F = k(x). By relabeling, 
if necessary, any given prime of degree 1 can be viewed as the infinite prime 
on F (replace x by l/(x + a) for suitable 01 E k). Now suppose that p,, E S has 
degree 1, hence that h&2 - {p,,}) = h,(S - {p,,)) = 1. Then for each 
a E I(S) there exists 01 E F such that ord,ol = ord,a for all p ES - {pof. 
Therefore, in V(S) we have a = aq= &,’ for some v E Z, which proves that 
$i, generates g(S). Surjectivity of the mapping # defined earlier shows that 
to show that p d is princiiai 
0” ’ the ideal classes a, &, ,..., are distinct, so to finish the proof it will suffice 
Write f; = Aeg pi for i = 1 ,..., s, and let q = #(k). Choose integers 
Cl >'.., c, such that xf/p1 cifi = -d. There is an element /3 E F satisfying 
ord, /3 = 
I 
z 
if p=pi, l<i<s 
if p E S - {PO); 
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Then by the Product Formula it follows that I/3 jr,, = q-d = j pod lp, . Hence 
in Z(S) we have (6) = pod, as desired. Q.E.D. 
An alternate proof of much of Theorem 1.1 can be deduced from an exact 
sequence of Rosen ([12], Proposition l(b)) by invoking the result from [2] 
cited in the proof given above. 
COROLLARY 1.2. Everyjmite cyclic group can be realized as the ideal class 
group of a Hasse domain of k(x). 
Proof. Let n be a natural number. Fix a prime polynomial in k[x] of 
degree n, and let q be the associated prime spot on k(x). Then the ideal class 
group W(52 - {q}) is cyclic of order n. Q.E.D. 
2. HYPERBOLIC PLANES 
In this section F is a field of characteristic not 2 (not necessarily a function 
field), S is a Dedekind set of spots on F, and o = o(S) is the associated 
Dedekind domain. A pair of vectors (vl , 2 v } is a hyperbolic pair if Q(v,) = 
Q(v& = 0 and B(v, , 2 - v ) 1. Clearly if {vl , v,} is a hyperbolic pair and a is 
a fractional ideal then the lattice L = av, + a-%, is unimodular. 
PROPOSITION 2.1. Let V be a hyperbolic plane, and let (vl , vz> be a hyper- 
bolic pair in V. Let L be a unimodular lattice on V with norm ideal nL = 20. 
Then there is a fractional ideal a such that L = av, + a-$ . Zf M = bv, + 
b-Iv, is another such lattice, then 
L=M if and only if {a, S-l} = (6, g-1). 
Proof. The first statement is an immediate consequence of [lo], Proposi- 
tion 82 : 21a. The “sufficiency” part of the second statement is elementary, 
and the opposite implication follows easily from the fact that FvI and Fv, 
are the only isotropic lines in V. Q.E.D. 
The class number h(L) of a lattice L on V is the number of isometry classes 
of lattices M on V such that Mp s L, at each p ES. In particular, two 
lattices satisfying the criteria of 2.1 are related to each other in this way, 
since each localization op is a principal ideal domain. 
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COROLLARY 2.2. Let L and V be as in 2.1, and suppose that hF(S) T co. 
Then 
h’(q2 + ’ < h(L) < hF(S). 
Examples 2.3. (i) If hF(S) is odd then for each non-principal ideal a we 
have #{a, 6-l} = 2, hence h(L) = (hF(S) + 1)/2. 
(ii) If the ideal class group @)/P(S) is an elementary abelian 2-group 
then each a E I(S) satisfies 6 = 6-l; so in this case h(L) = hF(S), and there is a 
one-to-one correspondence 
cls(av, + a-‘0.J H CI 
between the isometry classes of unimodular lattices on V with norm 20 and 
the o-ideal classes. 
Remark 2.4. From the theory of lattices over Dedekind domains it 
follows that the lattice L in 2.1 is free. In fact if hF(S) is odd then allunimodular 
lattices are free. On the other hand, if hF(S) is even choose a nonprincipal 
ideal b such that b2 is principal, say b2 = (A); consider an o(,S)-lattice J = bc, 
with quadratic form Q given by Q(u) = h-l. Then J is unimodular but not 
free. 
Now we can describe the orthogonal groups of the lattices under discussion. 
In the following proposition the symbol - denotes the usual correspondence 
between linear transformations and matrices (with respect to the given basis 
for V). 
PROPOSITION 2.5. Let {v 1 , vz} be a hyperbolic pair in the hyperbolic plane 
V, and let L = av, + a-%, . Then O(L) = X v Y, where 





for some 01 such that (u) = a+) 
I’ 
In particular, if a2 $ P(S) then O(L) = X andhence O(L) w  u(S). 
ProoJ Let cr E O(L). If uvl E Fvl then clearly u E X. Otherwise (TL~~ = wp 
for some (Y E@, and uv2 = xlvl . Then 
L = UL = a(uvl) + a-‘(uv& = a-la-%, + orav, . 
Therefore cya = a-l and hence u E Y. Thus O(L) C X u Y. The converse 
inclusion is obvious. Q.E.D. 
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3. REDUCTION OF UNIMODULAR LATTICES-YES AND No 
We now return to the setting of Section I, in which F is a function field 
over a finite field k and o = o(S) is a Hasse domain of F. We are interested 
in the classification of unimodular o-lattices up to isometry. The reduction 
of the unimodular theory over k[x] to the theory of spaces over k, with k an 
arbitrary field of characteristic not 2, was proved by Harder using methods 
of algebraic geometry; his result appeared in [6]. Later, I gave another proof 
([5]) of this reduction by adapting Hermite’s classical methods over h 
(see Newman [9], Chapter IV) to the theory over k(x). (This proof appears in 
[8].) Under our present assumption that k is finite, the argument a la Hermite 
can be shortened very considerably with a local-global maneuver, and this is 
the proof that will be given here. We let 8 denote the usual degree function on 
WI. 
THEOREM 3.1. Let L be a unimodular k[x]-lattice on an n-ary quadratic 
k(x)-space V. Then 
L gz (l,..., 1, dL), 
and hence there is exactly one class of unimodular k[x]-lattices on V. 
ProoJ We can assume that n > 2. From the Hasse-Minkowski theorem 
it follows that V z (I,..., 1, dL), so V supports a lattice of the desired kind. 
If n 3 3 then V is isotropic, so the conclusion follows from [IO], Theorem 
104 : 9. If n = 2 and V is isotropic then L s G i) s (1, - I>. Therefore we 
can assume that II = 2 and that V is anisotropic. 
Choose a nonzero vector u1 E L such that a(Q(vr)) is minimal; then a1 
extends to a basis {vr , z+J for L. Since a is Euclidean, subtraction of a suitable 
multiple of u1 from u2 gives an expression L z (t E), where a = Q(s) and 
either b = 0 or 8b < &. But dL = ac - b2 E K’, so by a degree argument we 
must have b = 0 and a, c E K’. Thus L s (a, c) G (1, dL). Q.E.D. 
Remark 3.2. Inspection of the above proof shows that the coefficient 
ring can be any Hasse domain o = o(S) of a function field F over k for which 
the following conditions hold: Sz - S consists of one spot, say 8 - S = {q}, 
and the valuation mapping ) 19: o -+ h+ is Euclidean. William Messing has 
observed that these conditions on o in fact imply that o = k[x] for some 
x E F, and here is a variant of his proof. Choose x E o such that j x lg > 1 is 
minimal. We claim that o = k[x] (only “c” requires proof). Suppose 0 # 
01 E o, and argue by induction on -ord,oc. If -ord,oL = 0 then ~11 Ek by the 
Product Formula. If -oord,cll > 0 write 01= xy + fl, withy, 6 E o and I ,8 j9 < 
1 x Iq . Then ,8 E k by the minimality of ) x 19, and y E k[x] by the induction 
hypothesis; hence (Y E k[x]. 
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In [S] Lam points out that the Hermite reduction argument can be applied 
to anisotropic unimodular lattices over any Euclidean ring A whose Euclidean 
function a satisfies the following additional properties: 
(i) a(&) = a(a) + a(b) for all a, b E A - (0) 
and 
(ii) a(a + b) < max(a(a), a(b)} for all a, b, a + b E A - (0). 
That is, under these conditions every anisotropic unimodular A-lattice L 
has an orthogonal splitting of the form 
for some units ci E A. It is therefore of interest here to exhibit Euclidean 
Hasse domains in F over which there exist anisotropic unimodular lattices 
with no such splitting. In our examples the Euclidean functions will satisfy 
condition (i) given above but not condition (ii); hence condition (ii) is essen- 
tial. (Note: A similar construction was given in [4], but Proposition 3.3 of [4], 
on which that construction was based, is incorrect.) 
For any Hasse set S on the function field F, recall that the counting norm 
N,: o(S) + bJ u (0) is defined by 
Results of O’Meara ([l 11, Section 22) show that if NsO is a Euclidean function 
on o(S,) for some Hasse set S, , then for every Hasse set S C S,, the associated 
function Ns is Euclidean on o(S). From the definition of normalized valuation, 
for each 01 E o(S) - {O] we have 
No = #(,+&n-s@% P) (ordpd 
Now define a,(a) = -CpED--s (deg p)(ord,oi). Then 8, is Euclidean on o(S) 
if and only if Ns is Euclidean; and a, satisfies the condition as(@) = 
a,(a) + a,@), which is Lam’s property (i) mentioned earlier. In particular, 
note that if F = k(x) and S,, = 9 - {cc}, then aso is the usual degree function 
on k[x]; therefore for every Hasse set S C .Q - {co} the associated function 
3, is Euclidean on o(S). 
We need some arithmetic in rational function fields. Let F = k(x), let co 
denote the infinite spot on F (with prime element x-l), and let f(x), g(x) be 
nonzero polynomials: f(x) = C;=, aixi, g(x) = Cz, bixi. Then f/g E u(co) 
if and only if m = n. The field k serves as the residue class field F(w), and 
the residue class mapping u(co) -+ K’ is given by f/g -+ an/bn . We have 
f(x) = (x-l)*(a, + a,&+) + -a* + aO(x-l)“). 
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So, by the Local Square Theorem, f(x) opm2 if and only if n is even and 
a, E A2. Finally, note that if S is a Hasse set of spots on F and D - S = 
(91 9 qz 9*-.9 qJ, where deg q1 is odd and deg qi is even for 2 < i < s, then 
every element of u(S) has even order at q1 . (This follows immediately from 
the Product Formula.) Now we can construct the desired indecomposable 
unimodular lattices. 
Example 3.3. Let k be a finite field in which -1 $ k2, and let q = q(x) E 
k[x] be a prime (manic) polynomial of even degree, with q the corresponding 
spot on F = k(x). Put S = Q - {co, q), Then clearly hF(S) = 1, and q E 
F,s # --Fmz. Fix a binary quadratic Fm-space W, E (x, xq). Then W, has 
discriminant dW, = q and Hasse symbol - 1. Since q $ -FQ2 there is a 
binary I;,-space W, such that dW, = q and S, W, = - 1. Finally, for each 
p E S fix an F,-space W, z (1, q). The family ( Wp}pan satisfies the conditions 
dW,=q Qp E i-2 
s,w, = 1 for almost all p 
lJ s,w, = 1. 
Da2 
Hence there exists a binary quadratic F-space V such that V, g W, at all 
p E Q. At each p E S the corresponding localization V, supports a unimodular 
o,-lattice, hence V supports a unimodular o(S)-lattice L. Then L splits if and 
only if it represents an element of u(S). But every element of u(S) has even 
order at co, and I’, represents only elements of odd order ([lo], 63 : 15(i)). 
So V represents no elements of u(S), and therefore L is indecomposable. 
From the preceding remarks it follows that the function 8, is Euclidean on 
4S)* 
In the above example the underlying space V is definite, since neither V, 
nor V, is hyperbolic. Now we give an indefinite example. (Note that by 
[IO, 82 : 21a] a binary isotropic unimodular o(S)-lattice is decomposable: 
L E (! ;) 5% (1, -I>.> 
Example 3.4. Again assume that -1 6 k2, and assume further that 
#(k) > 5. Pick distinct nonsquares 01~ , CX~ E k; then the polynomials ql(x) = 
x2 - 01~ and q2(x) = x2 - CX~ are primes in k[x]. Let q1 , q2 denote the corre- 
sponding spots on F = k(x), and put S = Q - (co, qr , q2). So hF(S) = 1, 
and every element of n(S) has even order at co. As in 3.3 fix binary spaces 
W, and Ws, (over F, and I;q, , resp.) with discriminant qI and Hasse symbol 
- 1, and at every other spot p E Q fix an F,-space W, cz (1, qJ. The argu- 
ment of 3.3 yields an F-space V satisfying VP z W, at all p E 9; and V 
supports an indecomposable unimodular o-lattice L. We claim that Vq, is 
hyperbolic, and hence that V is indefinite. To see this, first note that the 
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residue class field F(q,) is a quadratic extension of k; so F(qd = k(W”) for 
some nonsquare X E 6. Since (I; : k2) = 2 every element of k is a square in 
F(p,), and hence (by the Local Square Theorem) a square in Fg, . Now 
q1 E u(q.J, and we have 
therefore l’,,, is hyperbolic as claimed. As in 3.3, the function as is Euclidean. 
Remark 3.5. Following Bass [I] we use the notions of extended and 
stably extended spaces and lattices. Let L be one of the lattices discussed in 
3.3 and 3.4. We assert that if M is any unimodular o-lattice whose underlying 
F-space 2 is extended from k, then L 1 M has no orthogonal basis. For if 
we had L 1 M G (cl ,..., E,) with E$ E u(S), then we would have &,( V 1 Z) = 
1 since each ei has even order at co. But it is easily checked that S,( V 1 Z) --_ 
- 1, which proves the assertion. In particular L is not stably extended from 
k as a quadratic module, even though L is extended from k as a module 
(since L is free). To compare with the behavior of lattices over polynomial 
rings see Karoubi’s Theorem in [l, Section 11. 
4. THE TERNARY ISOTROPIC CASE 
We are looking for a complete set of invariants for the isometry class of a 
unimodular lattice over a Hasse domain of a global function field. Isometric 
lattices must a fortiori be isomorphic as modules, but the following lemma 
shows that isomorphism will not be a concern here. (In 4.1, D = o(S) can be 
any Dedekind domain of characteristic not 2, and F denotes its quotient 
field.) 
LEMMA 4.1. Let L and A4 be o-lattices (not necessarily z&modular) on a 
quadratic F-space V. Suppose v L = v&f. Then there is an o-module isomorphism 
L * M. 
Proof. Write L = ovl + 1.. + OV,-~ + au, and A4 == 01~~ -+ ... + 
OMJ,-~ + bv, for suitable bases (z)~}, (wi} for V and a, b E Z(S). The hypothesis 
gives a2d(v, ,..., v,) = b2d(w, ,..., w,J. But d(w, ,..., w,) = X2d(v, ,..., v,) for 
some X E p, so it follows that b = ah-l, hence L w M. Q.E.D. 
From now on F will be a global function jield with Hasse domain D = o(S). 
The symbol g+(L) denotes the number of proper spinor genera in the genus 
of L. The idtle groups JF , P, , .JFs, and JFL are defined in [lo], Chapters III 
and X. As before, V = V(S) = Z(S)/P(S) is the ideal class group, and V2 is 
its subgroup of squares. 
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LEMMA 4.2. Let L be a unimodular o-lattice on an nary quadratic FL 
space V, with n > 3. Then 
g+(L) = (97 : az). 
Proof. We have g+(L) = (J,: PFJFL) by 101 : 8a and 102 : 7 of [lo]; and 
by 92 : 5 of [IO] the group JrL consists of all the ideles i = ($JPER satisfying 
ord&, = 0 (2) at each p ES. There is a natural mapping q: JF --+ I(S) given 
by 1 y(i)lp = 1 i, IF at each p ES. Earnest [3, Lemma l] obtains an isomorphism 
JrIPrJr= M q/V2 by observing that the composition 
Jr % Z(S) -+ Z(S)/P(S) = % + %?I%?” 
has kernel PrJrL, and the conclusion follows. Q.E.D. 
Remark 4.3. The above lemma can also be proved by noting the factori- 
zation 
h&S) = (Jr: PrJrs) = (Jr: PrJr=) * (P,J,L: PrJrs) 
and verifying the isomorphism PrJrL/PrJrs M Vz. 
It follows that if L is unimodular and rank L > 3 then g+(L) = 2t, where 
t is the number of cyclic components in the decomposition of the 2-primary 
part of g(S) into the direct sum of cyclic subgroups. Compare Kneser [7], 
Satz 4 (or [lo], 102 : 8). 
PROPOSITION 4.4. Let F be a rationalfiulction field and let L be a unimodular 
o-lattice, with rank L > 3. Then g+(L) = 1 or 2 according to whether h*(S) is 
odd or even. 
Proof By Theorem 1.1 we know that g(S) is cyclic. (Moreover, the 
formula for h&S) was given in 1.1.) Now apply the above results. Q.E.D. 
We will now complete the search for invariants under the additional 
assumptions that the unimodular lattice is ternary and isotropic. 
THEOREM 4.5. Let V be an isotropic ternary F-space, and let L, and L, be 
unimodular o-lattices on V; say Li = (aixi + a;‘~~) 1 bizi , where {xi , yi) 
is a hyperbolic pair (i = 1, 2). Then there is an isometry L, g L2 tf and 
only $6, and 62 represent the same coset in WI%?“. 
Proof. The fact that the Li have the indicated form follows immediately 
from 82 : 16 of [IO] and Proposition 2.1. By Lemma 4.1 we have h1 = 6, ; 
so, by Witt’s theorem, without loss of generality we can assume that the L1 
are of the form Li = (eix + a;‘~) 1 bz for some hyperbolic pair {x, y}. 
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(I). We first claim that L, E L2 if and only if either 6, E (6, , 6;‘) or 
a, = ala;’ + /3”Q(z) cL?at + fib-’ 
for some d, p EP. 
Assume that L, z L, . Then there is an isotropic vector w  E V whose 
coefficient a, with respect to L, is a;l; say w  = 01x + yy + /3z, with 01, y, 
/3 E F, If a = 0 then also /3 = 0, which gives w  E Fy and hence 6;’ = &, = 
6;‘; so we can assume that 01 # 0, and similarly that y # 0. The equation 
0 = Q(w) = 201~ + /3”Q(z) now gives y = -/~“Q(z)/~Lx, so 
as claimed. 
a2 = a,l = ala;’ + p”Q(z) cu-‘a, + fib-’ 
To prove the converse it is enough to show that there is an isotropic vector 
in V whose coefficient with respect to L1 is a;‘. If &2 E (6, , 6;‘) we are done. 
Otherwise, the vector 
w = ax - q I’ + pz 
has the desired property. 
(II). We assert that ola;l + /3”Q(z) &a1 + pb-l= era;’ + f12Q(a)&a, . 
Were this not the case, then for some p E S we would have 
(9 ; Bb-’ Ip > I may1 Ip and (ii) 1 fib-’ IP > / /3”Q(z) n-la, iP. 
Since bz is unimodular we know that (Q(Z)) = b-2. In view of (ii) this would 
give the inequality 1 fib-1 IP < [ ala;’ IP , contradicting (i). 
(III). Now assume that L1 z L, , and we must prove that a, E a,e2. 
If 8, E {& , 67’) this is trivially true, so by steps (I) and (II) we can assume that 
a2 = ala;’ + /3”Q(z) &a1 for some 01, p E$. Since (Q(z)) =. b-’ we know 
that ordpQ(z) = 0 (mod 2) Vp E S. Hence 
ord, a2 = min{ord, aa;l, ord, /?“Q(z) or-la,]- = ord, na;‘(mod 2) V’p E S. 
So a, = ola-lc2 for some c E I(S). Therefore 2, = 6,(&$ E a1+Y2, as desired. 
(IV) For each fractional ideal a, write L, = (ax + a-‘y) 1 bz. Each 
class of unimodular lattices on V contains some L, ; and by step (III) the 
correspondence cZs(L,) ti 39 gives a well-defined function # from the set of 
these classes into the group %/U2. Clearly ZJ is surjective. Now since V is 
ternary and isotropic we know (by [lo], 82 : 4 and 104 : 5) that the class 
and the proper spinor genus of L coincide. Hence by Lemma 4.2 there are 
precisely (‘87 : Uz) classes of unimodular lattices on V. Therefore # is bijective, 
and the proof of the theorem is complete. Q.E.D. 
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We remark that steps (I), (II), and (III) of the above proof hold over any 
Dedekind domain o in which 2 is a unit. Indeed, the entire proof holds over 
any Hasse domain (in any global field) in which 2 is a unit. 
Since all spots p E S are nondyadic, Witt’s cancellation theorem holds for 
o,-lattices. We now conclude with a look at global cancellation. 
COROLLARY 4.6. (1) If 5?? is an elementary 2-group then the following 
cancellation law holds for unimodular lattices on a ternary isotropic space. 
Let L1 = HI 1 b,z, and L, = Hz L b,z, , with HI and H, on hyperbolic 
planes. Then 
L, 5% L, if and only if HI s Hz . 
(2) If V is not an elementary 2-group then this cancellation law fails. 
Proof. (1) For i = 1, 2 write Hi = six + a;‘y for some hyperbolic 
pair (x, y>. Since G? is an elementary 2-group the subgroup V2 is trivial, 
hence S, and 6, coincide in V/9?” if and only if h, = 8, . The result now 
follows immediately from Theorem 4.5 and Proposition 2.1. 
(2) Now suppose that %7 is not an elementary 2-group. Let a be a 
fractional ideal whose square is not principal, and define unimodular o- 
lattices L, and L, as follows: 
I 
L1 = (ox + oy) I oz 
L, = (a2x + a-“y) 1 oz, 
where {x, y} is a hyperbolic pair and Q(Z) = 1. By Theorem 4.5 there is an 
isometry L, z L, ; but ox + oy$ a2x + a-2y since a2 is not principal. 
Q.E.D. 
REFERENCES 
1. H. BASS, Quadratic modules over polynomial rings, in “Contributions in Algebra,” 
Academic Press, New York, 1977. 
2. M. DEURING, “Lectures on the Theory of Algebraic Functions of One Variable,” 
Lecture Notes in Mathematics No. 314, Springer-Verlag, Berlin, 1973. 
3. A. G. EARNEST, Spinor genera of unimodular Z-lattices in quadratic fields, Proc. Amer. 
Math. Sot. 64 (1977), 189-195. 
4. L. J. GERSTEIN, Orthogonal decomposition of modular quadratic forms, Invent. Muth. 
17 (1972), 21-30. 
5. L. J. GERSTEIN, Symmetric bilinear forms over polynomial rings, preprint, University 
of Notre Dame, 1973. 
6. M. KNEBUSCH, Grothendieck und Wittringe von nichtausgearteten symmetrischen 
Bilinearformen, Sitzungsber. Heidelberg Akad. Wiss. Math. Naturwiss. K1(1969/1970), 
3 (Abh.). 
7. M. KNESER, Klassenzahlen indefiniter quadratischer Formen in drei oder mehr 
Veranderlichen, Arch. Math. (Basel) 7 (1956), 323-332. 
UNIMODULAR QUADRATIC FORMS 541 
8. T.-Y. LAM, “Serre’s Conjecture,” Lecture Notes in Mathematics No. 635, Springer- 
Verlag, Berlin, 1978. 
9. M. NEWMAN, “Integral Matrices,” Academic Press, New York, 1972. 
10. 0. T. O’MEARA, “Introduction to Quadratic Forms,” Springer-Verlag, New York/ 
Berlin, 1971. 
11. 0. T. O’MEARA, On the &rite generation of linear groups over Hasse domains, J. 
Reine Angew. Math. 217 (1965), 79-108. 
12. M. ROSEN, S-units and S-class groups in algebraic function fields, J. Algebra 26 (1973) 
98-108. 
